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Abstract: Let S be a commutative semiring and M an S -semimodule. A proper subsemimodule N of M
is called a classical prime subsemimodule, if for any a,beS and meM, abme N implies that

ame N or bme N . In this paper we study some basic properties of classical prime subsemimodules of
semimodules.
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INTRODUCTION

The semiring and semimodule are important structures that have gained an importance in recent decades as
their usefulness to many disciplines has been discovered and exploited. In spite of their similarities to the more
commonly studied module structure, there are important and noteworthy differences. Subsemimodules of
semimodules are different from submodules of modules in which there are several kinds of submodules. In this
paper we introduce and study some concepts in semimodules which have been studied in modules.

For the sake of completeness, we state some definitions and notations used throughout. By a commutative
semiring we mean an algebraic system S =(S,+,) such that (S,+) and (S,.) are commutative semigroups,

connected by a(b+c)=ab+ac forall a,b,ceS, and there exists 0e S such that r+0=r and r.0=0 for
all reS. Throughout this paper let S be a commutative semiring. S is called entire if for every a,be S,
ab=0 impliesthat a=0 or b=0. A (left) semimodule M over S is a commutative additive semigroup which
has a zero element, together with a mapping from SxM into M (sending (r,m) to FM) such that
(r+s)ym=rm+sm, r(m+m)=rm+rm, r(sm)=(rs)m and om=r0, =0, for all mmeM and rseS.

Let M be a semimodule over the semiring, S and let N be a subset of M. We say that N is a subsemimodule of M, or
an S -subsemimodule of M, precisely when N is itself an S -semimodule with respect to the operations of M (so

0,, € N'). The semiring S is considered to be also a semimodule over itself. In this case, the subsemimodules of S
are called ideals of S. Let M be a semimodule over S . A subtractive subsemimodule (= k-subsemimodule) N is a
subsemimodule of M such that if m,m+m eN, then m e N (so {0,,} is a K -subsemimodule of M). We
shall say that M is a distributive semimodule if the lattice of its subsemimodules is distributive, i.e., if
(X+Y)nZ=(XnZ)+(Ynz) For all subsemimodules X,y and Z of M (or, -equivalently,
(XAY)+Z = (X +2)~(Y +2) forall subsemimodules x v andZ of M). A prime subsemimodule (resp. primary
subsemimodule) of M is a proper subsemimodule P of M with the property that whenever r € S and meM
with rmeP,then meP or rM cP (resp. me P or r"M < P for some positive integer N). The set of all
prime subsemimodules of M is called the prime spectrum of M and denoted by Spec(M). We define K -ideals
and prime K -ideals of the semiring S in a similar way. For every subset X of M, we denote by (N X) the set

{reS|rM c N}.

Behboodi and Koohi in (2004) defined a different class of submodules and called it weakly prime (classical
prime). A proper submodule N of M is said to be classical prime when for a,heR and meM, abmeN
implies that ame N or bme N . In this paper we introduce the concept of classical prime subsemimodules of a
semimodule M, and study some basic properties of this class of subsemimodules. Finally we endow
Cl.Spec(M), the set of all classical prime subsemimodules of M , with quasi-Zariski topology.

Classical Prime Subsemimodules:
Let M be a semimodule over a commutative semiring S. A proper subsemimodule N of M is called classical
prime if for every a,beS, meM, whenever abme N, then either ame N or bme N . Clearly, in the case
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where M = R, classical prime subsemimodules coincide with prime ideals. Also every prime subsemimodule of
M is a classical prime subsemimodule of S. Here we provide an example to show that the converse is not
necessarily true.

Example 2.1:
Assume that S is an entire semiring, and P is a non-zero prime ideal of S. In this case Q:= P®0 isaclassical

prime subsemimodule of the S -semimodule S@®S while it is not a prime subsemimodule. This example shows
that a classical prime subsemimodule need not be prime.
Since every prime subsemimodule is classical prime, we have spec(M) < Cl.Spec(M) - As it is mentioned in

example 2.1, it happens sometimes that this containment is strict. We call M a compatible S-semimodule if its
classical prime subsemimodules and prime subsemimodules coincide, that is if Spec(M) = Cl.Spec(M). IfSisa

semiring, then every classical prime ideal of S is a prime ideal. So, if we consider S as an S -semimodule, it is
compatible.

Theorem 2.2:
Let M bean S -semimodule and N a proper K-subsemimodule of M. The following statements are equivalent.
(1) N is a classical prime subsemimodule.
(2) abk = N implies that either ak < N or bK = N for every subsemimodule Kof Mand a,beS.

(3) For every subsemimodule K of M not contained in N, (N s K) is a prime ideal of S.
(4) Foreach meM \N, (N:; m) isa prime ideal of S.
(5) UK =N impliesthat IK = N or JK =N forevery subsemimodule K of M and ideals |,J ofS.

Proof:
(1) = (2) Assume that N is a classical prime subsemimodule of M. Let abK < N for some subsemimodule

K of M and a,beS.If akUN and bKUN, then there exist x,y e K suchthat ax¢ N and by ¢ K . In
this case from apx,aby e N We get bxe N and ay € N . In this case it follows from ab(x+y)e K = N that
either ax+ayeN oOr bx+byeN . If ax+ayeN then axeN since ayeN and N is a K
-subsemimodule, a contradiction. If bx +by e N we get a contradiction in a similar way.

The other implications are clear.
W

Proposition 2.3:
Let N be a proper subsemimodule of the S -semimodule M. Then N is a prime subsemimodule of M if and
only if N is primary and classical prime.

Proof:
If N is a prime subsemimodule of M, then it clearly is both primary and classical prime. Conversely,

assume that N is a primary and classical prime subsemimodule of M . Let acS and meM be such that
ame N but me N . Then, there exists a positive integer K such that 4 c(N: M) since N is assumed to be
primary. Consequently, for every ye M\N, a*e (N S Y) and (N S Y) is a prime ideal of S by Theorem
2.2.Hence ae(N: y),thatis ay e N . Therefore ac(N: M), thatis N isa prime subsemimodule of M .

W
Let M be a semimodule over S. A subsemimodule N of M is called a partitioning subsemimodule (= Q,,

-subsemimodule) if there exists a non-empty subset Q,, of M such that

(i) SQu =Q where sQ, ={rq:reS,qeQy};

(i) M=fg+N:qeQ,}:

(iii) If g,,9,€Q,, then (g,+N)n(q,+N)=@ ifandonlyif ¢, =0,.

Itis easy to see that if Q,, =M ,then {0} isa Q, -subsemimoduleof M .LetNbea Q,, -subsemimodule
of M. We put M/N ={q+N:qeQ,}- Then M/N forms a commutative additive semigroup which has zero
element under the binary operation © defined by (q,+N)®(q,+N)=g,+N Wwhere qeQ,, is the unique
element such that g,+9,+Ncg,+N.By the definition of Q,, -subsemimodule, there exists a unique d, €Qy,
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such that 0,+Ncg,+N. Then g, + N is a zero element of M/N . But, for every qeQ,, from (1) one obtains
0, =0,qeQ, ; hence ¢, =0, . Now let res and suppose that g +N,q,+NeM/N are such that
g,+N=g,+N in M/N . Then g =g, , we must have rqg +N=rg,+N by the Definition of Q,
-subsemimodule. Hence we can unambiguously define a mapping from SxM/N into M/N (sending (r,q, + N)
to rg,+ N ) and it is routine to check that this turns the commutative semigroup M/N into an S -semimodule.

We call this S -semimodule the residue class semimodule or factor semimodule of M modulo N (Ebrahimi
Atani, 2010). Let N a Q,,-subsemimodule of M . It is shown in (Ebrahimi Atani, 2010) that if L is a ¢

-subsemimodule of M with Nc L, then LIN={q+N:qeLnQ,} is a K -subsemimodule of M/N .
Conversely, if L isa K -subsemimodule of M/N ,then L=T/N forsome K -subsemimodule T of M .

Theorem 2.4:
Let M be an S -semimodule and N be a Q,, -subsemimodule of M . 1f K isa K -subsemimodule of M

suchthat N = K, then K is a classical prime subsemimodule of M if and only if K/N is a classical prime
S -subsemimodule of M/N .

Proof:
Assume first that K is a classical prime subsemimodule of M .So K = M and therefore K/N =M/N by
[2, Theorem 4]. Suppose that ab(q+N)eK/N , where a,beS and geknQ, . Then

ab(q+N)=abg+NeK/N , so abgeK . Thus K classical prime gives aqe K or bgeK , so

age K nQ, O bgeKnQ, - Therefore a(g+N)=aq+N eK/N or b(q+N)=bg+NeK/N. Thatis K/N
is a classical prime subsemimodule of M/N . Conversely, assume that K/N is a classical prime subsemimodule
of M/N. Then K/N = M/N implies that K =M . If abme K where a,beS and meM, then there exists

qeQ, and neN suchthat M= +N,s0 ab(q+n)=abg+abneK.Since K isa K-subsemimodule, we
have abqeKnQ, - SO ab(q+N)=abg+N e K/N , therefore ag+N eK/N or bgeK/N since K/N is
assumed to be classical prime. This means aqe K or bqe K , hence K is a classical prime subsemimodule of

M. W
Let M bean S -semimodule. An element I €S s called a zero-divisor on M if rm =0, for some
nonzero Me M . The set of all zero-divisors of S on M is denoted by Zdvg(M) . Let N be a

subsemimodule of M . Anelement €S issaid to be primeto N if rme N (with meM) implies that
meN, that is, (N, r)=N, where (N:, r)={meM |rme N}. We will denote the set of all elements of S

that are not prime to N by S(N). S(N) is not necessarily an ideal of S. A proper subsemimodule N is
called a primal subsemimodule of M if s(N) forms an ideal of R.If N is a primal subsemimodule, then
the ideal p:=S(N) isaprimeideal of S, called the adjoint prime ideal of S . In this case we say that N isa
P -primal subsemimodule of M . Now assume that N is a Q,, -subsemimodule of M . Then it is easy to
provethat N isa P -primal subsemimodule of M if and only if Zdv, (MIN) isaprime ideal of S . Itisalso
straightforward to check that for a subsemimodule N of M,

(N M) Zdvg(MIN)= | (N5 m)

meM\N

Corollary 2.5:
Let N be a classical prime subsemimodule of the S -semimodule M . Then.
(1) P:=(N:; M) isaprime ideal of S. In this case we say that N is a P-classical prime subsemimodule of M .

(2) {(N:x m)}__,,,, is@chain of prime ideals of S .

(3) N isaprimal subsemimodule of M .
(4) For all subsemimodules K and L of M not contained in N , (N K)c(N:iL) or

(N L) (N K)-
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Proof:
(1) 1t follows from Theorem 2.2.

(2) Forevery m;,m, e M\ N, (N:;m)~(N:m,)c(N: m+m,). If m+m,eN, then (N:; m +m,) isa
prime ideal of S by Theorem 2.2, and if m+m,eN, then (N s m+m)=S.1n either case it follows that
(N:gm) < (N:gm+m,) or (N m,)c (N m +m,) . Therefore,
(N;gm)=(N:gm)n(N:m+m,)c(N:im,) O (N:im)=(N:m,)n(N:m+m,)c(N:m)
Consequently, {(N « M} is a chain of prime ideals of S .

(3) It follows from (2).
(4) Assume that K and L are subsemimodules of M not contained in N . We have

(N:g L)(N: g KYc (N L)n(N ;g K)c (N L+K). By Theorem 2.2, (N: L+K) is a prime ideal of S
so we have (N L)c(NiL+K) or (N K)c(N:L+K) , and this implies that
(N L)=(Nx L)Nn(N:;g L+K)c (N K) OF (N L)=(N: L)n(N: L+K)c (N K)-

Theorem 2.6:

Let M baan S -semimodule and N a proper K -subsemimodule of M . The following statements are
equivalent:

(i) N isaclassical prime subsemimodule.

(i) Forany x,yeM ,if (N: x)=(N:; y),then N =(N+Sx)(N +Sy).

Proof:
()= (i) Let N be a classical prime subsemimodule. Assume that x,yeM are such that

(N 3¢ )= (N ;g y). Then there exists an element r e (N :; x)\(N : y). Inthiscasewe have rxeN and ry ¢ N
. Therefore, yeM\N and so (N 5 Y) is a prime ideal of S by Theorem 2.2. We claim that
(N y)=(N: ry). Clearly, (N: y)c (N ry). For the other containment, let ae(N: ry). Then ary e N
and since N is a classical prime subsemimodule, we have aye N or rye N and since ry N, we most
have ayeN and this means (N:ry)c(N:y) . Therefore (N:y)=(N:ry) . We know that
N < (N +5Sx) " (N +Sy) . Conversely, pick an element m e (N +Sx) ~ (N + Sy). Then there exist n,,n, € N
and r,r,eS such that m=n+rx=n,+r,y . Then rm=rn +rpx=rn,+rr,y . Sinceé r,rmxeN , SO
m,+rrx=rm,+r,yeN. But rn,eN and Nis a K -subsemimodule implies that rmyeN. SO rr,e(N: y)-
Since (N y) isaprimeidealand re(N: y), wehave r, e (N y). Therefore m=n, +r,y € N and this
means that (N +Sx) (N +Sy) = N . Thus we have N = (N + Sx) n (N + Sy).

(ii) = (i) Assume that (ii) holds, and let abme N for some a,beS and me M . Suppose that
ameg N . Then ae(N: bm)\(N: m), so that (N: bm)=(N: m). Hence, by our assumption, we have,
N = (N +Sm)~ (N +Sbm) . Now we have bm e (N +Sm)~ (N +Sbm) =N and the proof is completed. W

Quasi-Zariski Topology on Cl.Spec(M).

The set of all classical prime subsemimodules of the S -semimodule M is denoted by CI.Spec(M). As an
example, the zero semimodule has no classical prime subsemimodules. So there are some semimodules that have
no classical prime subsemimodules. We call such semimodules classical primeless. A subsemimodule N of
M s said to be classical semiprime if N is an intersection of classical prime subsemimodules of M .Let N
be a subsemimodule of M . The classical radical of N in M , denoted by /N, is defined to be the
intersection of M and all classical prime subsemimodules of M containing N . Soif Cl.Spec(M) =@, then
/N =M, and if Cl.Spec(M) =@, then /N is a classical semiprime subsemimodule.

For each subsemimodule N of M , let v(N)={PeSpec(M)|N <P} . In this case, the set
(M) ={V(N)|N is a subsemimodule of M} contains the empty set and Spec(M), and it is closed under
arbitrary intersections, but it is not necessarily closed under finite unions. The S -semimodule M is said to be a
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Top semimodule if £(M) is closed under finite unions. In this case ¢(M) satisfies the axioms for the closed
sets of a unique topology z(M) on Spec(M). The topology (M) on Spec(M) is called the quasi-Zariski
topology. In the remainder of this section we use a similar method to define a topology on Cl.Spec(M ). For each
subsemimodule N of M, set

V(N)={P eCl.Spec(M)|N c P}.

Proposition 3.1:
Let M bean S -semimodule. Then
(1) Foreachsubset Ec M, V(E)=V(N)=V(I/N), where N is the subsemimodule of M generated by E.
(2) v(0)=ClSpec(M),and V(M)=g.
@3 1f {N,},., isafamily of subsemimodules, then N,VN) =V N

(4) Foreverypair N and K of subsemimodules, we have V(N)uUV(K) < V(N A K).

Proof:

(1) Assume that N is the subsemimodule of M generated by Ec M . Then from Ec N cS/N we
have
VN) = V(N) e V(E)-

On the other hand, N is the smallest subsemimodule of M containing E, so that if p<V(E), then
P e V(N). Therefore V(E)=V(N).Moreover /N is the intersection of all classical prime subsemimodules of
M containing N ;so v(N)c V(¥N). Therefore V(E)=V(N)=V®&/N).

The proof of (2)—(4) is straightforward. W

Let M bean S -semimodule. Set
7(M)={V(N)|N is a subsemimodule of M}

then by Proposition 3.1,
(i) (M) contains the empty setand Cl.Spec(M); and (ii)»(M) is closed under arbitrary intersections, but

it is not necessarily closed under finite unions.

Definition 3.2:

Let M bean S -semimodule.

(1) M s said to be a Cl.Top semimodule if (M) is closed under finite unions, i.e. for any subsemimodules
N and L of M there exists a subsemimodule K of M suchthat v(N)uUV(L)=V(K).

(2) A classical prime subsemimodule N of M will be called classical extraordinary (Cl.extraordinary for
short), if whenever K and L are classical semiprime subsemimodules of M with K ~Lc N then
KcN or LcN.

Note that if M is a CL.Top semimodule, then (M) satisfies the axioms for the closed sets of a unique
topology p(M) on Cl.Spec(M). In this case, the topology p(M) on Cl.Spec(M) is called the quasi-Zariski

topology. Note that every Cl.primeless semimodules is a Cl.Top semimodule. In the next Theorem, we provide a
useful tool for characterization of Cl.Top semimodules.

Theorem 3.3: Let M bea S -semimodule. Then, the following statements are equivalent:
(i) M isaCl.Top semimodule.
(ii) Every classical prime subsemimodule of M is Cl.extraordinary.
(i) V(N)U V(L) = V(N nL) forany classical semiprime subsemimodules N and L of M.

Proof:
If M is Cl.Primeless, then the result is clear. So assume that Cl.Spec(M) = & -

(i) = (ii) Let M be a Cl.Top module. Assume that P is a graded classical prime subsemimodule of
M andthat N,L are classical semiprime subsemimodules of M with N ~ L c P. By the hypothesis, there
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exists a subsemimodule K of M with v(N)uV(L)=V(K). As N is considered to be a classical

semiprime subsemimodule, we have N=_P where {P} is a collection of classical prime
iel

iel

subsemimodules of M . Forevery i€ |, we have
PeV(N)cV(K)=KcP=Kc[)_P=N
Ina similar way we have K cL.S0 K< N L. Now
V(N)UV(L)c VINAL)c V(K) = V(N)UV(L).

Consequently, V(N)uV(L)=V(NAL). Now from NAnLc P wehave PecV(NAL)=V(N)UV(L).
Hence either P e V(N) or PeV(L),thatiseither NcP or LcP.So P isClextraordinary.

(if) = (iii) Suppose that all classical prime subsemimodules of M are Cl.extraordinary. Let N and
L be two classical semiprime subsemimodules of M . Clearly v(N)u V(L) < V(N nL). Now assume that
PeV(NAL). Then NAnLcP. Since P is Clextraordinary, we have N < P or L < P, that is either
PeV(N) or PeV(L). Therefore V(N L)< V(N)uV(L),andso V(N)uUV(L)=V(NAL).

(iii) = (i) Assumethat N,L aretwo subsemimodules of M . We canassumethat V(N) and V(L)
are both nonempty, for otherwise V(N)UV(L)=V(N) of V(N)UV(L)=V(L). We know that /N and

R/L  are both classical semiprime subsemimodules of M . Setting K = /N ~</L we have:
V(N)UV(L) = V(IN)UVE@N) = V&N A1) = V(K) by (iii).Hence M isaCl.Top semimodule. W

Corollary 3.4:
Every Cl.Top semimodule is a Top semimodule.

Proof:

Assume that M is a CL.Top semimodule. Let P be a prime subsemimodule of M . Since every prime
subsemimodule is a classical prime subsemimodule, P is Cl.extraordinary by Proposition 3.3. Hence it is
extraordinary. Now the result follows from (Ebrahimi Atani, S. and U. Tekir, 2011). W

Theorem 3.5:
If M isaClLTop S -semimodule, then
(1) The S -semimodule M/K isa Cl.Top semimodule for every Q,, -subsemimodule K of M .

(2) If /N =N forevery subsemimodule N of M ,then M is adistributive semimodule.

Proof:

If M isclassical primeless, then we are done. So assume that Cl.Spec(M) = & .

(1) By Proposition 2.4, the classical prime subsemimodules of M/K are just the subsemimodules N/K
where N is a classical prime subsemimodule of M with K < N . Consequently, any classical semiprime

subsemimodule of M/K is of the form S/K in which S is a classical semiprime subsemimodule of M with
K cS.Assumethat /K and S,/K are two classical semiprime subsemimodules of M/K . Then, by Theorem

3.3, V(S)UV(S,)=V(S,nS,) since M isa ClTop semimodule. Thus V(S/K)UV(S,/K)=V(S,/K NS,/K)
. It follows from Theorem 3.3 that M/K isa ClTop module.

(3) For every subsemimodules N,K and L of M we have:

(K+L)AN=g/[(K+L)nN

=[XPIPeV((K+L)nN)}

=[XPIPeV(K+L)UV(N)}

=(XPIPe(V(K)nV(L) UV(N)}

=[XPIPe(V(K)UV(N) N (V(L)UV(N)}
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=[XPIPe(V(KNAN)N(V(LAN)}

=[XPIPeV((KAN)+(LAN)}

=q/(KAN)+(LAN) =(KAN)+(LAN)-

Thus M s distributive. W

Let M beaCl.Top S -semimoduleand let X = CI.Spec(M ). We know that any closed subset of X is of
the form v(N) for some subsemimodule N of M . Now there is a question: what open subsets of X look
like. For every subset S of M , define
Xs =X =V(S)

In particular, if S ={f}, wedenote Xg be X;.

Proposition 3.6:
Theset {X, | f e M} is abasis for the quasi-Zariski topology on X.

Proof:
Let U be a non-void open subset in X . Then U = X —V(N) for some subsemimodule N of M .

Assume that N is generated by some subset E — M . Then we have
U=X-V(N)=X-V(E)=X-V(, £fH=x-,_ V() =U, . X-V(EN=U,_ X
Therefore the set {X,; | f € M} isabasisfor X . W
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