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Abstract: The traditional perturbation methods depend on a small parameter which is difficult to be

found for real-life nonlinear and linear problems. To overcome address this shortcoming, two new

powerful recent analytical methods are introduced to solve heat transfer problems in this work. One

is He's variational iteration method (VIM) and the other is He’s homotopy-perturbation method

(HPM). VIM is used to construct correction functional using general Lagrange multipliers identified

optimally via by means of the variational theory, and the initial approximations can be freely 

arbitrarily chosen with unknown constants. HPM may be used to transform a difficult problem into

a simple problem which can be easily solved. In this work, we have used HPM and VIM to solve

the heat equations which are functions on time and space. This type of equation governs on numerous

scientific and engineering experimentations.
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INTRODUCTION

Since the governing equation in many experiments in engineering as well as science leads to the heat

equation, this equation has attracted much attention, and solving the equation has been one of the interesting

tasks for engineers. 

In the numerical method, stability and convergence should be considered, to avoid divergent or

inappropriate results. Therefore, approximate analytical solutions were introduced, among which VIM (Abdou,

M.A. and A.A. Soliman, 2005; He, J.H., 1998; He, J.H., 1998; He, J.H., 1999; He, J.H., 2000; He, J.H. and

X.H. Wu, 2006; Momani, S. and S. Abuasad, 20006) and HPM (He, J.H., 1999; He, J.H., 2000; He, J.H.,

2003; He, J.H., 2004; He, J.H., 2005; He, J.H., 2005) are the most effective and convenient ones for heat

equation. Developing the perturbation method for different usage is very difficult because this method has some

limitations and based on the existence of a small parameter. Therefore, many different new methods have

recently introduced some ways to eliminate the small parameter such as artificial parameter method introduced

by Liu (Liu, G.L., 1997), VIM by He (2000)  and others. One of the semi-exact methods is HPM (He, J.H.,

1999; He, J.H., 2000; He, J.H., 2004; He, J.H., 2005; He, J.H., 2005). The methods have a useful feature in

that it provides the solution in a rapid convergent power series with elegantly computable convergence of the

solution.

Basic Concepts of Variational Iteration Method:

Consider the following differential equation:

  (1)

where L is a linear operator, N a nonlinear operator and g(t) an inhomogeneous term. According to VIM,

we can write down a correction functional as follows:

  (2)
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where ë is a general Lagrangian multiplier (He, J.H., 1998; He, J.H., 1998; He, J.H., 1999; He, J.H., 2000;

He,  J.H. and X.H. Wu, 2006) which can be identified optimally via the variational theory. The subscript n

indicates the nth approximation and       is considered as a restricted variation (He, J.H., 1998; He, J.H., 1998;

He, J.H., 1999) and (He, J.H. and X.H. Wu, 2006), i.e. . 

Basic Concepts of Homotopy Perturbation Method:

Consider the general operator equation (He, J.H., 2006) :

 ,  (3a)

with the boundary condition of:

  , (3b)

where A is a general differential operator, B a boundary operator, f(r) a known analytical function and Ã

is the boundary of the domain Ù.

A can be divided into two parts as in the VIM method, which are L and N, where L is linear and N is

nonlinear. Eq. (3a) can therefore be rewritten as follows:

 ,     ,  (3c)

homotopy perturbation structure may now be written as:

 (3d)

where,

 (3e)

In Eq. (3d),                is an embedded parameter and       is the initial approximation that satisfies

 the boundary condition. Without loss of generality, it is possible to write the solution of Eq. (3d) as a power

series in p, such as the one below:

 (3f)

and the best approximate solution is:

 (3g)

The convergence of the above summation is discussed in [11, 24].

Approximate Solutions of Heat Equations: 

In order to assess the accuracy of VIM for solving heat equations and to compare it with HPM, we will

consider the three following examples. Consider the following general form of unsteady three dimension heat

equation with variable coefficient, with the indicated initial conditions (Biazar,  J. and A.R. Amirtaimoori,

2005):
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  (4a)

 (4b)

4.1. Example 1:

Consider the following equation with the indicated initial conditions (Biazar,  J. and A.R. Amirtaimoori, 2005):

  (4c)

with the initial condition of

 (4d)

where A,B,C,D are constant.

First consider the VIM method for the solution of eqn (4c) by constructing a correction functional as

follows:

   (5)

where 

Its stationary conditions can be obtained as follows:

  (6a)

 (6b)

The Lagrangian multiplier can therefore be identified as:

  (7)

As a result, we obtain the following iteration formula:

   (8)

where 

Now we start with an arbitrary initial approximation that satisfies the initial condition:

  (9)

Using the above variational formula (8), we have

 (10)

Substituting Eq.(9) into Eq. (10)and after simplifications, we have



Aust. J. Basic & Appl. Sci., 3(3): 1863-1874, 2009

1866

 (11)

In the same way, we obtain                 as follows:

 (12)

and so on.

In the same manner the rest of the components of the iteration formula can be obtained, which is the exact

solution. Plots of the solution for some values of z and the following values of the parameters are shown in

Fig. 1.

a1=a2=b1=b2=c1=c2=1,

A=B=C=D=2.

Fig. 1: Plots of  p(1,1,z,t) for different values of z.

Second, consider the homotopy-perturbation to Eqs. (4c) and (4d), as follows:

(13)

where L(è) is the linear part of the equation and         the initial approximation (He, J.H., 2005). We consider

è as

 (14a)

(14b)

Substituting Eq. (14) into Eq. (13) and rearranging based on powers of p-terms, we have

(15a)

         (15b)

          (15c)
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And

 (16a)

         (16b)

 (16c)

And

 (17a)

         (17b)

 (17c)

Solving Eqs. (15a), ((15b)–(17a)) and (17b) results in         When p�1, we have

 (18)

The answers show that VIM and HPM results are completely the same and also similar to (Biazar,  J. and

A.R. Amirtaimoori, 2005).

4.2 Example 2:

Let us solve the following partial differential equation:

 (19)

with the initial condition of

 (20)

First consider the VIM method for the solution of eqn (19) by constructing a correction functional as follows:

 (21)

Its stationary conditions can be obtained as follows:

 (22a)

          (22b)

The Lagrangian multiplier can therefore be identified as:

 (23)
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As a result, we obtain the following iteration formula:

(24)

Now we start with an arbitrary initial approximation as follows:

(25)

By the above variational formula (24), we can obtain the following result:

(26)

Substituting Eq. (25) into Eq. (26) and after some simplifications, we have

 (27)

In the same way, we obtain                  as

(28)

In the same way, we obtain                   as

(29)

Continuing in this manner, we can obtain that

(30)

In this example we have also derived the exact solution. For different values of z the solutions are shown

in Fig. 2.

Similar to previous example, after applying HPM and rearranging based on powers of p-terms, we have:

(31a)

(31b)

And

(32a)
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(32b)

And

(33a)

(33b)

And

(34a)

(34b)

And

(35a)

(35b)

Solving Eqs. (31a), ((31b)–(35a)) and (35b) results in u(x, t). When p�1, we have:

(36)

The answers shows that VIM and HPM results are completely the same and also similar to (Biazar,  J.

and A.R. Amirtaimoori, 2005).

The series solution                     can be written as                                         . We have the

closed form solution as 

4.3 Example 3:

Consider the following partial differential equation, with specified initial conditions:

 (37)

(38)

First we construct a correction functional which reads

(39)

Its stationary conditions can be obtained as follows:
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 (40a)

          (40b)

The Lagrangian multiplier can therefore be identified as:

(41)

As a result, we obtain the following iteration formula:

(42)

Now we start with an arbitrary initial approximation as follows:

(43)

By the above variational formula (42), we can obtain the following result:

(44)

Substituting Eq. (43) into Eq. (44) and after some simplifications, we have

(45)

In the same way, we obtain                  as

(46)

In this example we have also derived the exact solution. For different values of z the solutions are shown

in Fig. 3.
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Fig. 2: Plots of  p(3,3,z,t) for different values of z.

Fig. 3: Plots of  p(1,1,z,t) for different values of z.

After applying HPM and rearranging based on powers of p-terms, we have:

 (47a)

          (47b)

And

 (48a)

         (48b)

And
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(49a)

          (49b)

Solving Eqs. (37a), ((37b)–(39a)) and (39b) results in u(x, t). When p�1, we have:

(50b)

answers shows that VIM and HPM results are completely the same as the exact solution

Conclusions:

In this paper, the authors have studied some heat transfer equations through variational iteration method

(VIM) and homotopy perturbation method (HPM) do not require small parameters, whereas the perturbation

technique does. The results show that:
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The VIM can give much better analytical approximations for heat equations than other methods. This is

mainly because this technique is based on a general weighted residual method. The weighted factor or the

general Lagrange multiplier ë can be determined using the variational theory; the exacter the Lagrangian

multiplier is derived, the more rapid the convergence to the exact solutions. The comparison of these methods

reveals that the approximations obtained by the VIM converge to the exact solution faster than HPM. In VIM

and HPM, the initial approximation can be arbitrarily chosen with unknown constants which can be defined

through different methods. The calculations in VIM and HPM are simple and straightforward. In the two

methods, the approximations are valid not only for small parameters but also for larger ones.
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